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Intermittent type of primordial non-Gaussian fluctuations from modulated preheating can produce
an overabundance of ∼ 108M mini-haloes at high redshift z & 20. This may have a significant
impact on the formation of high-redshift supermassive black holes.
INTRODUCTION
Preheating is a postulated nonlinear process following
the end of early-universe inflation, where the inflaton field
quickly dumps its energy into other field(s) via paramet-
ric resonance. In the separate-universe view, preheat-
ing happens almost independently in each Hubble patch,
whose typical comoving size is ∼ 25 orders of magnitude
below cosmological scales. Refs. [1, 2] suggested that,
however, preheating may still leave some imprint on the
large-scale structure of the universe, but could not con-
vincingly justify their statement due to insufficient nu-
meric accuracies in their calculation. Ref. [3] (hereafter
BFHK) significantly improved the numeric tools and first
explicitly demonstrated such an effect. The preheating
dynamics is closely tied to the background field values
averaged in each Hubble patch. The background tra-
jectory of inflaton and other coupled field(s) is usually
chaotic and is very sensitive to the initial conditions for
preheating, i.e., field fluctuations at the end of inflation,
which, as the standard cosmic inflation story tells, can
be correlated on cosmological scales. The inflaton field
itself serves as the clock for the separate universe during
inflation. Thus the fluctuations of inflaton at the end of
inflation can be gauged away and do not produce any
physical modulation on the preheating dynamics. The
other field(s), which we dub modulator(s), may generate
curvature fluctuations on cosmological scales by modulat-
ing the averaged equation of state in each Hubble patch.
This effect opens an exciting window to the rich physics
at the end of inflation.
BFHK first pointed out that modulated preheating
may explain the anomalous cold spot in the cosmic mi-
crowave background (CMB) radiation [4, 5]. They stud-
ied a two-field model with Lagrangian density
L(φ, χ) = 1
2
∂µφ∂µφ+
1
2
∂µχ∂µχ− 1
4
λφ4− 1
2
g2φ2χ2, (1)
where φ is the inflaton and χ the modulator. The dy-
namics of the background trajectory, (φh(t), χh(t)), can
be described as a billiard ball rolling back and forth in
a spindle-shaped potential well. (See Fig. 2 of BFHK.
Here a subscript h, unless otherwise stated, represents
spatial average within the Hubble patch.) If the bil-
liard ball enters one of the arms of the spindle shape,
where |χh|  |φh|, the φ field becomes heavy and its
harmonic-like oscillations slightly pull down the effective
equation of state, weff ≡ ρh/ph, where ρ and p are re-
spectively the total energy density and the total pressure.
Therefore, for Hubble patches where the background tra-
jectory enters the spindle arms, the scale factor of the
Hubble patch, a ∝ ρ−
1
3(1+weff )
h , grows faster as the av-
erage energy density drops, relatively to other Hubble
patches where the background trajectory does not enter
the spindle arms. The probability that the background
trajectory enters the spindle arms is modulated by the
initial χh value at the end of inflation (hereafter denoted
as χh,i), which is then modulated by the long wavelength
χ fluctuations on cosmological scales. In this way, the su-
perhorizon χ fluctuations prepared by inflation modulate
the number of expansion e-folds, which can be translated
to the comoving curvature fluctuations ζ with the δN for-
mula [6–11]. Such a non-Gaussianity in ζ, by its nature
of origin, is usually intermittent in configuration space.
The anomalous CMB cold spot can be interpreted as a
spatial region on the last scattering surface where the χh
value enhances the probability of background trajectory
entering the spindle arms.
In the model studied in BFHK, and in many other
preheating models, χh grows exponentially, χh(t) ∼ eµt
via parametric resonance during the linear regime of pre-
heating, where µ is the Floquet exponent and t the cos-
mological time. Therefore, as shown in Fig. 1 of BFHK,
if a particular initial χh,i = χarm enhances the proba-
bility for the background trajectory entering the spindle
arms, an initial χh,i = e
nµTχarm, where n is an integer
and T the period of inflaton oscillations during the linear
regime, tends to enhance the probability of background
trajectory entering the arms, too.
The φ4 inflation model predicts a tensor to scalar ra-
tio r & 0.2, which is ruled out by recent CMB obser-
vations [12]. Replacing φ4 term with a viable inflation
model, however, is not likely to be a big problem for us
to study modulated preheating, since here the only role
inflation plays is to prepare initial conditions for preheat-
ing. Similarly, the bottom of the potential well does not
have to be exactly spindle shaped with two long arms.
The variety of possibilities makes it difficult to confront
modulated preheating models with observations. Thus,
it is important to extract common features of modulated
preheating models and construct a parameterization as
model-independent as possible. This is the subject of the
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2next section.
Throughout this article we use natural units c = ~ = 1
and assume a cosmology with the amplitude of primordial
scalar power spectrum As = 2.14 × 10−9, the spectral
index ns = 0.965, the baryon density Ωbh
2 = 0.0221,
cold dark matter density Ωch
2 = 0.119, and the reduced
Hubble constant h = 0.677.
MODEL
We consider a simplified scenario with only one mod-
ulator field χ whose cosmic ensemble average is zero,
and assume equal-amplitude non-Gaussian ζ spikes trig-
gered by a series of log-uniform initial χh,i = ±enµTχarm
(n = 0,±1,±2, . . .). Hereafter, if no possible confusion
arises, we will drop the subscript i for readability. Writ-
ten explicitly, the averaged ζ in a Hubble patch is given
by
ζh =
∞∑
n=−∞
Aζ δD
(
ln
|χh|
χarm
− nW
)
, (2)
where δD is the Dirac delta function. The W parameter
is the Floquet exponent in unit of the period of inflaton
oscillation, and the Aζ parameter represents the ampli-
tude of modulation.
Indeed, the parameterization in Eq. (2) only describes
an idealized scenario. BFHK has shown, by running high-
precision lattice simulations for the concrete model in
Eq. (1), that due to the contribution from the subhori-
zon modes of φ and χ fluctuations, Aζ can have a weak
n dependence. Moreover, as shown in Fig. 1 of BFHK,
there can be more than one log-uniform series of ζ spikes
with different amplitudes. Nevertheless, the model de-
fined by Eq. (2) is a basic building block of general fea-
tures from modulated preheating. The results presented
in this work should be understood as qualitative and gen-
eral estimations for modulated preheating models, rather
than precise calculations for a specific model.
Eq. (2) gives the mapping from χ to ζ on a scale ∼
H−1pre, where Hpre denotes the Hubble parameter during
preheating. For the purpose of studying cosmology, we
need to work out the mapping from χ to ζ on much larger
scales.
Let us consider a cosmological-size comoving volume
∼ L3, where L  H−1pre is a scale relevant for cosmologi-
cal observations, typically within a few orders of magni-
tude from Mpc. The spatially averaged ζ in this volume,
denoted by ζL, can be written as
ζL =
∫
ζh(χh)P (χh;χL)dχh, (3)
where P (χh;χL) is the conditional probability density
function of χh for a given χL (averaged χ in the ∼ L3
volume). For simplicity we assume χ fluctuations follow
Gaussian statistics,
P (χh;χL) =
1√
2piσL
e
− (χh−χL)2
2σ2
L , (4)
where σL can be computed from the χ-field power spec-
trum Pχ(k),
σ2L =
∫ H
1/L
k3Pχ(k)
2pi2
dk
k
. (5)
We choose the pivot scale to be lpivot = 8h
−1Mpc and
expand the power spectrum
k3Pχ(k)
2pi2
∼ ec0+c1 ln k8+ 12 c2(ln k8)2+..., (6)
where k8 ≡ klpivot. Well established observational con-
straints on quasi-linear scales & 8h−1 favor a simple in-
flation model, where the inflaton was light when its fluc-
tuations on scales & lpivot were generated. For simplicity
we assume the same scenario for the modulator χ field.
The power spectrum of light field fluctuations ∼ ( H2pi )2,
H being the Hubble expansion rate, is nearly scale in-
variant. Thus, we approximate c1 ≈ 0, truncate at the
next leading order, and re-parameterize Eq. (6) as
k3Pχ(k)
2pi2
= χ2arme
2λW− 12α(ln k8)2 , (7)
where α ≡ −c2 and λ ≡ c0−2 lnχarm2W are constants.
The advantage of using λ instead of c0 is that the self-
similarity of χh in Eq. (2) makes the mapping from χL to
ζL periodic in λ with period=1. If the χ field continues to
be light until the end of inflation, one would find α ≈ 0.
However, a positive α 1 could be caused by a slowly in-
creasing mass of χ field towards the end of inflation. We
do not consider complex scenarios with tachyonic or para-
metric resonance instabilities, which may lead to a neg-
ative α. In summary, hereafter we will restrict λ ∈ [0, 1)
and 0 ≤ α 1.
Substituting Eq. (7) into Eq. (5) , we obtain
σL
χarm
=
( pi
2α
) 1
4
eλW
√
erf
(√
α
2
lnH8
)
− erf
(
−
√
α
2
lnL8
)
,
(8)
where H8 ≡ Hlpivot and L8 ≡ L/lpivot.
Given that inflation lasts for 50-60 efolds, we have
lnH8 = 55±a few. For very small α . 1ln2H8 ∼ 10−3, fix-
ing lnH8 = 55, which we will do unless otherwise speci-
fied, could introduce an error . 5%, which is tolerable for
the purpose of qualitative estimations. For larger α, the
exact value of lnH8 is more irrelevant, as erf
(√
α
2 lnH8
)
will be very close to 1.
The combination of Eqs. (2), (3), (4), (8) gives a map-
ping from χLχarm to
ζL
Aζ
, which is parameterized by four
additional parameters W , α, λ, and L8.
3Having the mapping from χL to ζL worked out, we now
proceed to compute cosmological observables by running
N-body simulations with the modified initial conditions
from modulated preheating. The basic idea is to gener-
alize random Gaussian fluctuations of χ and map them
to ζ fluctuations.
OVERABUNDANCE OF HIGH-REDSHIFT
MINI-HALOES
For a cosmological N-body simulation, we prepare the
initial matter density fluctuation with the following pro-
cedures.
1. Realize random Gaussian fluctuations of χL/χarm
in Fourier space. The smoothing scale L = B/N is
the simulation resolution, where B is the box side
length and N3 is the total number of particles.
2. Fourier transform χL/χarm to configuration space.
3. Map χL/χarm to ζL.
4. Transform ζL to Fourier space.
5. Add the standard Gaussian component of ζ, that
is, a random Gaussian realization with the standard
power spectrum defined by As and ns.
6. Use the linear transfer function to map the total
comoving curvature fluctuations to matter density
fluctuations.
7. Transform the matter density fluctuations back to
configuration space.
In step 1 we need to specify the k = 0 mode of
χL/χarm in the box, which we dub χB/χarm. Eq. (7)
implies that, for scales not too far away from Lpivot,
the root mean square fluctuation of χ/χarm per e-fold
is ∼ eλW . Again for simplicity, we assume a vanish-
ing cosmic background χ/χarm for the observable uni-
verse. In other words, we assume |χB/χarm|  eλW for
B & 10h−1Gpc. For smaller box simulations, typically
|χB/χarm| < 2eλW
√
ln 10h
−1Gpc
B at 2σ (95%) confidence
level.
We use the N-body code COLA [13] with fast inte-
gration schemes, which is sufficiently accurate for the
purpose of qualitative studies and allows us to do en-
semble averages of many simulations. Haloes are de-
termined with friends-of-friends algorithm [14] with a
linking-length factor 0.2.
We are interested in the models with a non-vanishing
α, in which case the very-small-scale (L  Mpc) fluctu-
ations of χ are suppressed. Figure 1 shows the mappings
from χL/χarm to ζL for a typical set of parameters and
a hierarchy of scales: 100h−1Mpc, 10h−1Mpc, 1h−1Mpc,
L = 100h−1Mpc
L = 10h−1Mpc
L = 1h−1Mpc
L = 0.1h−1Mpc
α = 0.05
W = 0.5
λ = 0
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FIG. 1. Mappings from χL
χarm
to ζL
Aζ
for χL/χarm in the interval
of 2σ (95%) confidence level: |e−λW χL
χarm
| < 2
√
ln 10h
−1Gpc
L
.
and 0.1h−1Mpc. The scale 100h−1Mpc is a typical rep-
resentation of linear scales, on which the primordial
fluctuations are stringently constrained by CMB and
large-scale structure observations. The scales 10h−1Mpc,
1h−1Mpc, and 0.1h−1Mpc are nonlinear at z = 0, and
correspond to halo masses ∼ 1014M, ∼ M11M and
∼ 108M, respectively.
In Eq. (2), the self-similar spikes for small χ
(|χ/χarm|  1) are densely packed. For a cosmological
scale that is many orders of magnitude above the size of
Hubble patch during inflation, these spikes are smoothed
out. A few lines of simple algebra give ζL = Aζ/W for
|χL/χarm|  1, which is confirmed by the numeric calcu-
lation shown in Figure 1. For a model with α & 10−2, the
smoothing effect significantly differs on various cosmolog-
ical scales. On linear scales & 102h−1Mpc, ζ is almost
not modulated by χ at all. Thus, such models can easily
pass the observational test on linear scales. Although,
as pointed out by BFHK, it is possible to produce very
rare anomalies (such as the CMB cold spot) by extend-
ing the χL range to a few σ’s or by allowing a nontrivial
background χ/χarm in the observable universe.
In fact, not much fine-tuning is required to also sup-
press the modulation on quasi-linear scales all the way
down to ∼ 1h−1Mpc. For the model shown in Figure 1
we run simulations for B = 200h−1Mpc, Aζ = 5 × 10−3
and χB/χarm = 2e
λW , and compute halo mass functions.
No noticeable difference of halo mass function in the mass
range & 1011M is found between runs with and without
modulated preheating.
The major motivation of this work is to study the
abundance of mini-haloes (mass & 108M) at very high
redshift z & 15. These haloes are of particular inter-
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FIG. 2. Halo mass functions with (solid lines) and without
(dashed lines) modulated preheating. The parameters for
modulated preheating are α = 0.05, λ = 0, W = 0.5, and
Aζ = 0.005. The results are averaged over 30 COLA sim-
ulations with 5123 particles and box size 12h−1Mpc. The
background χB/χarm is fixed to 4e
λW .
est, because massive seeds of supermassive black holes
(SMBHs) may form in them via direct collapse of pri-
mordial gas [15]. The origin of the increasing number of
observed SMBHs at very high redshift is one of the un-
solved mysteries in astrophysics. The major theoretical
difficulty is their assembly time [16]. In the context of
the standard cosmology without modulated preheating,
& 108M haloes, and hence the direct-collapse SMBH
seeds can only form at z . 20. Very efficient accretion,
whose viability is yet under debate, is required in order
to explain the growing number of observed bright quasars
at z > 6, which are thought to be powered by & 109M
SMBHs [17, 18]. With modulated preheating, however, it
is possible to produce a significant amount of & 108M
haloes at z > 20, which would alleviate the theoreti-
cal difficulty in explaining the required SMBH accretion
rate. As an example, the evolution of halo mass function
at z > 15 is shown in Figure 2. We continue to use the set
of parameters in Figure 1, which, as we discussed above,
has almost no impact on scales & Mpc, or equivalently,
structures with mass & 1011M.
DISCUSSION AND CONCLUSIONS
We have proposed, and have shown with a concrete
example, that the abundance of & 108M haloes can
be significantly enhanced at very high redshift by viable
modulated preheating models. This offers a possible ex-
planation for the observed luminous quasars at z > 6.
Note that a significant global enhancement of pri-
mordial metric fluctuations, even on small scales ∼
0.1h−1Mpc is somewhat disfavored by cosmological ob-
servations. The key feature of the modulated preheating
model, which differs it from many other early-universe
models, is that the enhancement of metric fluctuations
is typically of intermittent type. For most of the spatial
regions where the modulator field χ is small, the log-
uniform spiky responses ζh(χh) in Eq. (2) are smoothed
out to a null signal. Only in the (rare) regions where
χ is large, the averaged χ → ζ mapping becomes non-
trivial. In summary, the intermittent feature of metric
fluctuations from modulated preheating: (1) naturally
explains the rareness of SMBHs at very high redshift; (2)
evades tight cosmological constraints on (global) primor-
dial metric fluctuations; (3) makes a general (and falsi-
fiable) prediction that around the high-redshift SMBHs
the primordial metric fluctuations tend to be significantly
enhanced and thus more small-scale objects should be
formed.
Such a phenomenon is indeed quite robust against the
variations of parameters, as long as α is kept sufficiently
large (& a few ×10−2). There is, however, still some
tuning in the choice of α, which suppresses the modulator
power spectrum on very small scales. In other words,
the special mass scale ∼ 108M is made by tuning down
the modulator power spectrum on scales . 0.1h−1Mpc.
Nevertheless, this is not a very fine tuning, and can be
naturally realized by an increasing mass of the modulator
field towards the end of inflation.
Finally, we would like to point out that a top-hat win-
dow function in configuration space does not exactly cor-
respond to a clean cut in Fourier space. In calculations
for this article we have ignored such details, because the
model itself, namely Eq. (2), is a crude phenomenological
approximation that may not be worth precision studies.
It would be very interesting to construct a concrete ex-
ample with a full action and confront it with the observa-
tions. Another interesting direction is to quantitatively
compute the SMBH direct collapse and accretion history
with numeric tools developed in the literature. We leave
these possibilities for our future works.
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